
Uniwersytet Warszawski
Wydział Matematyki, Informatyki i Mechaniki

Łukasz Wołochowski
Nr albumu: 277626

Classification of alphabets with
atoms

Praca magisterska
na kierunku INFORMATYKA

Praca wykonana pod kierunkiem
dr. Szymona Toruńczyka
Instytut Informatyki

Październik 2014



Oświadczenie kierującego pracą

Potwierdzam, że niniejsza praca została przygotowana pod moim kierunkiem i kwa-
lifikuje się do przedstawienia jej w postępowaniu o nadanie tytułu zawodowego.

Data Podpis kierującego pracą

Oświadczenie autora (autorów) pracy

Świadom odpowiedzialności prawnej oświadczam, że niniejsza praca dyplomowa
została napisana przeze mnie samodzielnie i nie zawiera treści uzyskanych w sposób
niezgodny z obowiązującymi przepisami.

Oświadczam również, że przedstawiona praca nie była wcześniej przedmiotem pro-
cedur związanych z uzyskaniem tytułu zawodowego w wyższej uczelni.

Oświadczam ponadto, że niniejsza wersja pracy jest identyczna z załączoną wersją
elektroniczną.

Data Podpis autora (autorów) pracy



Streszczenie

This thesis concerns Turing machines with atoms. There exist alphabets with atoms over
which Turing machines do not determinize and a method of alphabet classification is known.
In this thesis we show and implement an improved version of this algorithm. The improvement
is made by using advanced algorithms from the theory of Constraint Satisfaction Problems,
as well as algebraic methods to reduce the size of a problem. As a result, we obtain a
classification of all alphabets of dimension 8.
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Introduction

Turing machines with atoms (TMAs), introduced in [BKLT13], are, roughly speaking, Turing
machines that can operate not only on binary digits but also on infinite alphabets whose
letters are finite structures built of atoms — elements of an infinite countable set that can be
tested only for equality. An example of an alphabet with atoms is the family of all unordered
pairs of atoms. A TMA can, for instance, detect if a word contains two letters that have
exactly one atom in common.

This computational model has an interesting property — Turing machines with atoms,
unlike the classical ones, do not determinize [BKLT13]. This means that there are some
nondeterministic TMAs that recognize languages which cannot be recognized by any deter-
ministic TMA. However, this phenomenon does not occur for every alphabet, i.e. there are
alphabets such that every TMA over it determinizes — we call them standard alphabets —
and there are alphabets for which some TMAs do not determinize — we call them nonstan-
dard alphabets. Unordered pairs of atoms are an example of a standard alphabet. For other
examples of standard and nonstandard alphabets, see [BKLT13] and [KLOT14].

An alphabet with atoms can be encoded in the finite way using its algebraic properties and
can be an input to a classical Turing machine. Deciding whether an alphabet is standard is
an interesting topic and has relations with Finite Model Theory and Constraint Satisfaction
Problems (CSPs) [KLOT14]. A method of alphabet classification has been proposed in
[KLOT14]. It is based on the theory of Constraint Satisfaction Problems and reduces this
problem to a problem in CSP theory — whether some relational structure called a template
has, so called, majority polymorphism. However, this method has large complexity and is not
useful in practice.

The main goal of this thesis is to present and implement an improved version of the
algorithm shown in [KLOT14]. The improvement has been achieved by applying modern and
efficient algorithms from CSP theory (e.g. SAC3 algorithm [LC05]), as well as using some
algebraic properties of the template in order to reduce its size.

This improved algorithm has been implemented as a proof of concept but also as a research
tool. The program is written in Haskell. We also implemented generic functions that compute
some CSP algorithms. Using these algorithms, we classified all alphabets of dimension 8.

This thesis is organized as follows. In Chapter 1 we provide a definition of Turing machines
with atoms and standard and nonstandard alphabets. Chapter 2 is devoted to showing the
method of alphabet classification from [KLOT14]. It consists of two parts — the first part
shows the construction of the template and shows the equivalence of an alphabet being
standard and the template built from this alphabet having some algebraic property (having
a majority polymorphism). This part is solely based on [KLOT14]. The second part shows an
algorithm that decides whether a structure has a majority polymorphism. This polynomial
time algorithm is nontrivial and was presented is [BCH+13].

In Chapter 3 we show the main result of this thesis — an improved algorithm for alpha-
bet classification. This chapter also consists of two parts — in the first part we show the
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SAC3 algorithm which allows us to enhance the majority detection algorithm presented in
Chapter 2. The second part uses some algebraic properties of the template to reduce the
size of a problem. Chapter 4 discusses some implementation details and shows some results
obtained with the implemented program. Appendix A contains a complete classification of
all single-orbit alphabets of dimension 8.
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Chapter 1

Turing machines with atoms

In this section we give a precise definition of Turing machines with atoms. We use the notion
of sets with atoms, also known as nominal sets [Pit13].

1.1. Alphabets with atoms

Sets with atoms Let us fix an infinite countable set A. We will call the elements of A
atoms. We define sets with atoms by transfinite induction: the only set with atoms at level
0 is the empty set and, for any ordinal κ, sets with atoms at level κ are the sets consisting of
atoms and sets at level smaller than κ. A set with atoms is a set at an arbitrary level.

Examples of sets with atoms include:

• classical sets (without atoms),

• the set of ordered pairs of atoms: A2 = {(a, b) : a, b ∈ A}, where (a, b) = {a, {a, b}},

• the family of all finite subsets of A : Pfin(A).

Support For any bijection of atoms π : A → A and any set with atoms X, π(X) denotes
a set obtained by renaming every atom in X according to π and applying π recursively to
all sets that are members of X. A set of atoms S ⊆ A is called a support of X if X is
invariant under any bijection π which is an identity on S (i.e. if π(a) = a for any a ∈ S, then
π(X) = X).

A set with atoms is called hereditarily finitely supported if it has a finite support and each
of its element is either an atom or a hereditarily finitely supported set (transfinite inductive
definition). In this thesis we will only consider hereditarily finitely supported sets with atoms
and we will call them simply sets with atoms.

Examples of hereditarily finitely supported sets with atoms include classical sets without
atoms, the set of ordered pairs of atoms, and Pfin(A). On the other hand, the family of all
subsets of A is not hereditarily finitely supported – it is finitely supported (by the empty set)
but each set A ∈ P(A) that is neither finite nor cofinite does not have a finite support.

If a set with atoms is finitely supported, then it has the smallest support with respect
to inclusion [GP02, Prop.3.4]. We denote the smallest support of X by sup(X). A set with
atoms X is equivariant if sup(X) = ∅, which means that it is invariant under every bijection
of atoms. The dimension of an alphabet A, denoted by dim(A), is the maximal value of
sup(x) of any element x ∈ A.
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Relations and functions Basing on the new notion of a set, we define other standard
notions. In particular, if A,B are sets with atoms and x ∈ A, y ∈ B, then we define the pair of
elements as (x, y) = {x, {x, y}} and the Cartesian product as A×B = {(x, y) : x ∈ A, y ∈ B}.
A relation with atoms is a relation on a set with atoms which is hereditarily finitely supported.
It is clear that sup((x, y)) ⊆ sup(x)∪ sup(y). Since all elements of a relation are hereditarily
finitely supported, it is sufficient that the relation itself has a finite support. A function with
atoms is a function, whose domain and codomain are sets with atoms, and whose graph is a
relation with atoms.

Moreover, it is easy to notice that a function with atoms f : X → Y is equivariant iff
for any bijection π : A → A and any x ∈ X, f(π(x)) = π(f(x)). A relation with atoms
r ⊆ X × Y is equivariant iff for any bijection π : A→ A and any x ∈ X, y ∈ Y , (x, y) ∈ r iff
(π(x), π(y)) ∈ r.

Orbits Let A be a set with atoms. An orbit of an element x ∈ A is the set

o(x) = {π(x) : π − bijection of atoms}.

It is clear that A is equivariant iff it is the union of orbits of all of its elements. An orbit-
finite set is a set with atoms that has finitely many orbits. Every orbit-finite set has a finite
dimension.

Automorphisms Fix an element x ∈ A. A permutation π of supx is called an auto-
morphism of x if x is fixed by any permutation of atoms that extends π. The set of all
automorphisms of x is denoted by Aut(x). For example, if a, b are atoms, then Aut({a, b}) is
the set of all permutation of {a, b} but Aut((a, b)) consists only of the identity permutation.

Recall that the family of all permutations of a set forms a group, where the identity per-
mutation is the neutral element and the composition of permutations is the group operation.
It is easy to check that Aut(x) is a subgroup of the group of all permutations of supx.

Two alphabets A,B are isomorphic iff there exists an equivariant bijection f : A → B.
The following lemma follows easily from [BKL14].

Lemma 1.1. Let A,B be two single-orbit alphabets and a ∈ A, b ∈ B. Then, A and B are
isomorphic iff Aut(a) and Aut(b) are isomorphic as permutation groups.

Moreover, many properties of orbit-finite sets, such as the standardness of orbit-finite
alphabets, can be considered as properties of finite permutation groups [KLOT14]. This
means that orbit-finite alphabets can be finitely represented as inputs to classical Turing
machines (using automorphism groups of a representative of each orbit of the alphabet).

1.2. Turing machines with atoms
Now we are ready to define Turing machines with atoms (TMAs). The definition is analogous
to the definition of a regular Turing machine, only that we use orbit-finite sets with atoms.

A Turing machine with atoms is a tuple (A,B,Q,Qinit, Qfin, δ) of orbit-finite sets with
atoms, where A is the input alphabet, B ⊇ A is the work alphabet, Q is the set of states,
Qinit, Qfin ⊆ Q are the sets of initial and final states, and δ ⊆ Q×B×Q×B×{−1, 0, 1} is
the equivariant transition relation. We define the machine state, the machine run, machine
accepting a word and language recognized by a machine exactly as in the standard definition.

We say that a TMA, as described above, is deterministic if δ is a partial function Q×B →
Q×B × {−1, 0, 1} and Qinit consists of exactly one element.
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1.3. Standard and nonstandard alphabets
As we mentioned previously, there exist languages recognizable by nondeterministic Turing
machines with atoms that cannot be recognized by any deterministic TMA. A nonstandard
alphabet is an alphabet with atoms for which this phenomenon occurs, i.e. there exists a
language over this alphabet recognized by some nondeterministic TMA but not recognizable
by any deterministic TMA. Conversely, an alphabet for which this property does not hold is
called a standard alphabet. Examples of standard and nonstandard alphabets can be found
if [KLOT14]. All single-orbit alphabets of dimension 8 are classified in Appendix A.

The main goal of this paper is to find an efficient algorithm (in the classical sense) that
classifies alphabets. One method was proposed in [KLOT14] and we present it in Chapter 2.
It reduces the problem of classification of an alphabet to a problem in the theory of Constraint
Satisfaction Problems (whose basics we present in Section 2.1). With the help of techniques
from CSP theory, we present in Chapter 3 a more efficient classification algorithm. By
implementing this algorithm, we classified all alphabets of dimension 8. The classification of
all single-orbit alphabets of dimension 8 is presented in Appendix A.
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Chapter 2

Classification of alphabets

The goal of this chapter is to show an algorithm that determines whether an alphabet is
standard. In [KLOT14] this problem was proved to be equivalent to a problem in Constraint
Solving Problem theory – we will show this reduction (without a proof) in Section 2.2. Then,
in Section 2.3 we will show an algorithm that solves this problem.

First, we need to introduce some basic facts and notions about Constraint Satisfaction
Problems.

2.1. Constraint Satisfaction Problems
Constraint Satisfaction Problems (CSPs) are decision problems traditionally defined as prob-
lems of determining the existence of an assignment of values to a given set of variables,
subject to a given set of constraints. Examples of such problems include the boolean satis-
faction problem and graph coloring problems. A more mathematical, equivalent definition
of CSP uses algebra and relational structures. This approach allows us to use algebraic
techniques to work on complexity of some CSP instances.

Throughout this thesis we will use the algebraic definition of CSP, but first we need to
recall some basic algebraic notion.

Definition 2.1. A relational signature is a finite set of relational symbolsR = {R1, R2, . . . , Rm},
each of which has an associated arity (denoted by ar(R)).

An R-structure is a tuple A = (A,RA
1 , R

A
2 , . . . , R

A
m), where A is the set of elements of the

structure and, for each i ∈ {1, 2, . . . ,m}, RA
i ⊆ An is a relation over A of arity n = ar(Ri).

We will often abuse the notation and, instead of writing a ∈ A, we will just write a ∈ A.
The set A is called the universe of A. The size of a structure is the number of elements in
the universe.

Definition 2.2. Let A and B be R-structures. A function h : A → B is called a homomor-
phism if for every R ∈ R and every tuple (a1, a2, . . . , an) ∈ RA, where n is the arity of R, we
have

(h(a1), h(a2), . . . , h(an)) ∈ RB.

Let us fix a signature R and an R-structure T. By CSP (T), we will denote the following
decision problem:

Input A – an R-structure
Question Does there exist a homomorphism h : A→ T?

11



The structure T will be often fixed and called a template. We encode the input (an R-
structure) in the following way: we enumerate all of its elements and then, for every relation
R, we enumerate all of the tuples in R. The size of such encoding is at least the number of
elements of A and its polynomially bounded (O(nr), where n is the size of the structure and
r is the largest arity of a relation in the signature).

An important construction of relational structures is the Cartesian power.

Definition 2.3. Let R be a signature and A = (A,RA
1 , R

A
2 , . . . , R

A
m) be an R-structure.

For any n ∈ N we define Cartesian power An = (An, RAn

1 , RAn

2 , . . . , RAn

m ), where, for every
i ∈ {1, 2, . . . ,m} and k = ar(Ri), we have

RAn

i = {(τ1, τ2, . . . , τk) : τ1, τ2, . . . , τk ∈ An,∀j ∈ {1, 2, . . . n} (τ1[j], τ2[j], . . . τk[j]) ∈ RA
i }.

By τ [j] we denote j-th coordinate in the tuple τ .

A homomorphism p : An → A is called a polymorphism of the structure A. An important
class of polymorphisms are majority polymorphisms.

Definition 2.4. A polymorphism m : A3 → A is called a majority polymorphism if for every
a, b ∈ A, we have

m(a, a, b) = m(a, b, a) = m(b, a, a) = a.

Majority polymorphisms are an important tool in CSP theory. It has been proved that if
a template T has a majority polymorphism, then CSP (T) is in P (see [FV99] and [CDG13]).
In Section 2.3 we will show an example of a generic polynomial algorithm that solves CSP (T)
if T has a majority polymorphism.

Examples Let us show an example of CSP —k-coloring of a graph. The classical definition
of this problem is following: Fix a constant k. Given an undirected graph, decide whether its
vertices can be colored with k colors such that no two adjacent vertices have the same color.

It is known that for k ≤ 2 this problem is in P and for k ≥ 3 it is NP-complete.
Let us formulate this problem in the language of CSP. An undirected graph G = (V,E),

where V is the set of vertices and E ⊆ V 2 is the symmetric and irreflexive adjacency relation,
is a relational structure. The signature of such a structure consists of one binary relation
E, the universe is the set of all vertices. Let Tk be a k-element clique (without self-loops),
whose vertices are {1, 2, . . . , k}. It is easy to see that a graph G is k-colorable iff there exists
a homomorphism h : G → Tk. This follows from the fact that the necessary and sufficient
condition for h to be a homomorphism is the following:

∀x, y (x, y) ∈ EG =⇒ (h(x), h(y)) ∈ ETk

and, since Tk is a clique (without self-loops), it is equivalent to

∀x, y (x, y) ∈ EG =⇒ h(x) 6= h(y).

Hence h defines the coloring.
Let us show that T2 has a majority polymorphism. Consider the following function:

m(x, y, z) =
{
y if y = z
x otherwise

Clearly, for any a, b, we have m(a, a, b) = m(a, b, a) = m(b, a, a) = a. We will show that
this function is a polymorphism. Take any ((x1, y1, z1), (x2, y2, z2)) ∈ ET3

2 . By the definition
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of Cartesian power, we have that (x1, x2), (y1, y2), (z1, z2) ∈ ET2 and, since T2 is a clique:
x1 6= x2, y1 6= y2, z1 6= z2. Recall that T2 = {1, 2}. Let us consider two cases.

Suppose y1 = z1. This means that y2 = z2, as the universe has only two elements. Then
(m(x1, y1, z1),m(x2, y2, z2)) = (y1, y2), so

(x1, x2) ∈ ET2

(y1, y2) ∈ ET2

m
(z1, z2) ∈ ET2

(y1, y2) ∈ ET2 .

Now suppose y1 6= z1. This means that y2 6= z2 and

(x1, x2) ∈ ET2

(y1, y2) ∈ ET2

m
(z1, z2) ∈ ET2

(x1, x2) ∈ ET2 .

This implies that m : T3
2 → T2 is a majority polymorphism.

On the other hand, let us show that T3 does not have a majority polymorphism. Suppose
that m : T3

3 → T3 is a majority polymorphism. It is clear that m(1, 2, 3) ∈ {1, 2, 3}. Assume
that m(1, 2, 3) = 1. Then,

(1, 2) ∈ ET3

(2, 1) ∈ ET3

m
(3, 1) ∈ ET3

(1, 1) /∈ ET3 .

and we get a contradiction. Analogously, we can show that casesm(1, 2, 3) = 2 andm(1, 2, 3) =
3 also imply a contradiction. This means that T3 does not have a majority polymorphism.

2.2. Template
In this section we will show the construction of a template associated to an alphabet. It is a
relational structure which, by Theorem 2.5, has a majority polymorphism if and only if the
alphabet it is based on is standard.

The construction of the template presented in this section consists mainly of dry facts
and might be found unintuitive. For a much more detailed description, that also explains the
origins of the construction and shows examples, see [KLOT14]. The reason for this approach
is the fact that the construction of the template from an alphabet is not the main topic of
this thesis — in fact, in the remainder of the thesis, we will only use the algebraic properties
of such templates presented at the end of this section (Facts 2.6-2.9).

Let A be an alphabet and x ∈ A a letter. A bag is a set of atoms. A partition of supx
into bags is a tuple of bags Bx = (Bx

1 , B
x
2 , . . . , B

x
n) such that every atom in supx is in exactly

one bag. A map of a bag Bx
i is any bijection µxi : Bx

i → {1, 2, . . . , |Bx
i |} and an atlas is a

family of maps – one map αB for every bag B ∈ Bx. We say that two atlases α, β have the
same type, if the atlas α is on some letter x, the atlas β is on some letter y, the letters x
and y are in the same orbit, the atlases α, β correspond to the same number of bags, and
|Bx

i | = |B
y
i |, for any i ∈ {1, 2, . . . , n} (we will then denote the size of a bag by |Bi|).

Let Sn denote the family of all permutations on the set {1, 2, . . . , n}. It is a group (called
a symmetric group), where the neutral element is the identity permutation and the group
operation is the composition of permutations.
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Notice that for letters x, y in the same orbit and atlases α and β that have the same
type, a tuple of permutations (σ1, σ2, . . . , σn) ∈ S|B1|×S|B2|× . . .×S|Bn| corresponds to some
bijection ρ : supx→ sup y in the following way:

ρ(a) = (µyi )
−1(σi(µxi (a))) where a ∈ Bx

i

and
σi(m) = µyi (ρ((µxi )−1(m))).

We will say that this tuple of permutations is locally consistent (with respect to α and β) if
ρ can be extended to a permutation of atoms π in a way that π(x) = y.

For any alphabet A, we define a relational structure TA (called the template of A) in the
following way. The domain of the structure is TA = S1 t S2 t . . . t SdimA. For every orbit
o in A, we take two representatives x, y ∈ o. We take any atlases of the same type α, β, on
x, y respectively, that are based on bags of sizes k1, k2, . . . , kn and we define

Ro,α,β = {(σ1, σ2, . . . , σn) ∈ Sk1 × Sk2 × . . .× Skn :
: (σ1, σ2, . . . , σn) are locally consistent with respect to α and β}.

The relations in TA are Ro,α,β for every orbit o and every pair of atlases α, β that have the
same type. Notice that there is a finite number of distinct relations of this type since the
arity of a relation is bounded by the dimension of an alphabet.

The size of the template is equal to

dimA∑
k=1

k!.

The main theorem in [KLOT14], which we will use as the tool for the classification of
alphabets, is the following.

Theorem 2.5. An alphabet A is standard if and only if its template TA has a majority
polymorphism.

Algebraic properties of the template There are some important algebraic properties
of the template that we will use to optimize the classification algorithm. First, notice that
the universe of TA is TA = S1 t S2 t . . . t SdimA, so every element x ∈ TA is a member of
exactly one of the sets S1, S2, . . . , SdimA. We will call this set a type of x. If two elements x, y
have the same type, then they are, in fact, permutations of the same set and we can compose
them (which is a group operation). Moreover, the composition x · y has the same type as x
and y.

A relation in TA is called typed if its projection onto any coordinate consists of elements
of the same type.

Notice the following fact, which comes directly from the definition of the template:

Fact 2.6. All relations in TA are typed.

This comes from the fact that any relation R in TA is a subset of Sn1 × Sn2 × . . .× Snr .

Fact 2.7. If a relation R is a subset of Sn1×Sn2× . . .×Snr , then n1 +n2 + . . .+nr = dimA.
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In particular, this means that

|RT| ≤
r∏
i=1
|Sni | =

r∏
i=1

ni! ≤ dimA!.

For a group G, its subgroup H and an element a ∈ G, we define a left coset

aH = {ab : b ∈ H}.

In this thesis we will simply call it a coset. Let us note that the set Sn1 × Sn2 × . . .× Snr is
a group and the following fact was shown in [KLOT14]:

Fact 2.8. Any relation in TA is a coset.

Moreover the family of relations in TA has an interesting algebraic structure.

Fact 2.9. Let R be an r-ary relation in TA and R ⊆ Sn1 × Sn2 × . . . × Snr . For any tuples
a,b ∈ Sn1 × Sn2 × . . .× Snr , a = (a1, a2, . . . ar), b = (b1, b2, . . . br), we have that

R′ = a ·R · b = {(a1 · x1 · b1, a2 · x2 · b2, . . . , ar · xr · br) : (x1, x2, . . . , xr) ∈ R}

is also a relation in TA.

This fact holds because, if R = Ro,α,β, for some orbit o and atlases α, β, then it is easy
to check that R′ = Ro,a◦α,b◦β.

2.3. Algorithm
By Theorem 2.5, there is an algorithm that classifies alphabets with atoms and it consists
of two parts — it creates the template of an alphabet and decides whether the template has
a majority polymorphism. Since the first part is quite straightforward, this chapter will be
devoted to the second part. Fix a signature R. Our goal is to solve the following problem:

Input an R-structure T
Question Decide whether there exists a majority polymorphism

m : T3 → T

An algorithm solving this problem was shown in [BCH+13] and it is based on a theorem
from [CDG13], which says that the polynomial time algorithm Singleton Arc Consistency can
solve a CSP instance if the template has a majority polymorphism.

Singleton Arc Consistency It is known that there are templates T for which the problem
CSP (T) can be decided in polynomial time1. Interestingly, some algebraic properties of the
structure T imply that CSP (T) is tractable. We will say that an algorithm solves CSP (T)
if, for a given structure A, it gives the answer YES iff there exists a homomorphism A → T.
There is a class of generic polynomial algorithms that solve CSP (T) if some algebraic prop-
erties of T hold. In this section we will show two such algorithms: Arc Consistency and
Singleton Arc Consistency.

By [A, R1, R2, . . . , Rn], where A is a relational structure and R1, . . . , Rn are relations over
A, we denote a structure obtained from A by adding the relations R1, . . . , Rn. If A,B are

1 For example 2-coloring of a graph is in P and corresponds to the template T2 (see Examples in Section 2.1)

15



structures over the same signature, R1, . . . , Rn are relations over A, R′1, . . . , R′n are relations
over B, and, for every i, Ri has the same arity as R′i, then we will say that the signatures of
the structures [A, R1, R2, . . . , Rn] and [B, R′1, R′2, . . . , R′n] are the same.

The first algorithm we present is Arc Consistency2. This algorithm has polynomial time
complexity if we assume a fixed maximal arity of a relation.

Algorithm 2.1: Arc Consistency
Data: a pair of R-structures: (A,T)
begin

forall a ∈ A do
Da := T;

end
repeat

forall relations R ∈ R do
forall tuples (a1, . . . , ak) ∈ RA do

forall i ∈ {1, . . . , k} do
Dai := πi(RT ∩ (Da1 × . . .×Dak

));
end

end
end

until no set Da is changed;
if there exists a ∈ A such that Da = ∅ then

return ⊥
else

return (Da)a∈A
end

end

Arc Consistency has time complexity O(rear+1br+1), where a is the size of the structure
A, b is the size of the template T, e is the number of all relations, and r is the maximal arity
of a relation. The space complexity of Arc Consistency is O(ab).

The second algorithm we present is Singleton Arc Consistency, which uses Arc Consistency
internally.

2 In the literature this algorithm is often called General Arc Consistency, as Arc Consistency refers to its
equivalent version for binary structures.
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Algorithm 2.2: Singleton Arc Consistency
Data: a pair of R-structures: (A,T)
begin

forall a ∈ A do
Da := T;

end
denote {a1, . . . , an} elements of A
repeat

forall a ∈ A, b ∈ Da do
if AC([A, {a1}, . . . , {an}, {a}], [T, Da1 , . . . , Dan , {b}]) =⊥ then

remove b from Da

end
end

until no set Da is changed;
if there exists a ∈ A such that Da = ∅ then

return ⊥
else

return (Da)a∈A
end

end

Singleton Arc Consistency has time complexity O(rear+3br+3) and space complexity
O(ab), where a, b, e are the same as for Arc Consistency.

Both of the algorithms above have an algebraic property associated with them, such that
the algorithm solves CSP (T) if and only if this property holds for T (see [CDG13]). What
is interesting for us is the following theorem.

Theorem 2.10 ([CDG13]). If T is a structure that has a majority polymorphism, then
Singleton Arc Consistency solves CSP (T).

For any template T, if AC solves CSP (T), then clearly SAC solves CSP (T). The con-
verse, however, does not hold. In particular, Theorem 2.10, does not hold for AC – there
are templates with a majority polymorphism for which the CSP cannot be solved by AC. An
example of such a template is a two-element clique T2 which corresponds to the problem of
coloring a graph with two colors (see Examples is Section 2.1). It has a majority polymor-
phism. However, imagine how the AC algorithm will work on a pair (T3,T2), where T3 is the
three-element clique. It is easy to see that no domain will be changed, so the AC algorithm
will give the answer YES. But T3 is not 2-colorable so there is no homomorphism T3 → T2.

Backtrack-free algorithm It is worth noticing that Theorem 2.10 provides a way of
constructing, in polynomial time, a homomorphism h : A → T, where A ∈ CSP (T) and T
has a majority polymorphism. Consider the following algorithm:
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Algorithm 2.3: Backtrack-free
Data: a pair of R-structures: (A,T)
begin

if SAC(A,T) =⊥ then
return ⊥;

end
denote {a1, . . . , an} elements of A;
forall i ∈ {1, . . . , n} do

bi := NIL;
forall b ∈ T do

if SAC([A, {a1}, . . . , {ai−1}, {ai}], [T, {b1}, . . . , {bi−1}, {b}]) 6=⊥ then
bi := b;

end
end
if bi = NIL then

return ⊥;
end

end
return ((a1, b1), . . . , (an, bn))

end

The correctness of this algorithm is quite straightforward and can be proved by induction.
If there exists a homomorphism h : [A, {a1}, . . . , {an}] → [T, {b1}, . . . , {bn}] and a ∈ A \
{a1, . . . , an}, then there is at least one element b ∈ T \ {b1, . . . , bn} such that there is a
homomorphism [A, {a1}, . . . , {an}, {a}]→ [T, {b1}, . . . , {bn}, {b}] – namely b = h(a). Since a
majority polymorphism preserves any new unary one-element relations added to a structure
(asm(x, x, x) = x), then [T, {b1}, . . . , {bn}] has a majority polymorphism and SAC algorithm
works correctly for it. This proves the correctness of the backtrack-free algorithm.

The backtrack-free algorithm runs SAC algorithm ab times (in the worst case scenario),
so its time complexity is O(rear+4br+4). The space complexity of this algorithm is O(ab).

Detecting majority Let us fix an R-structure T. We will show that the question whether
T has a majority polymorphism is, in fact, an instance of CSP .

Let {x1, x2, . . . , xn} denote the universe of T. Let

TU = [T, UTU
x1 , U

TU
x2 , . . . , U

TU
xn

]

and
T3
U = [T3, U

T3
U

x1 , U
T3

U
x2 , . . . , U

T3
U

xn ],

where, for every x ∈ T,
UTU
x = {x}

and
U

T3
U

x = {(x, x, a), (x, a, x), (a, x, x) : a ∈ T}.

Consider two simple propositions.

Proposition 2.11. T has a majority polymorphism iff there exists a homomorphism

h : T3
U → TU .

18



Proof. Let T be the universe of T (and of TU as well, by definition). Notice that a function
h : T 3 → T preserves the relations Ux, for any x, iff it is a majority function, i.e. h(x, x, y) =
h(x, y, x) = h(y, x, x) = x. This means that a polymorphism h : T3

U → TU is a majority
function, so it is a majority polymorphism of T and, conversely, a majority polymorphism
m : T3 → T preserves the relations Ux, for any x, so it is a homomorphism T3

U → TU .

Proposition 2.12. T has a majority polymorphism if and only if TU has one.

Proof. Amajority polymorphism of TU is clearly a majority polymorphism of T— it preserves
all the relations. Conversely, let h : T3 → T be a majority polymorphism. Note that for any
x, U (TU )3

x = {(x, x, x)} and h(x, x, x) = x, so h preserves all the relations Ux. This means
that it is a majority polymorphism of TU .

Now consider the following algorithm:
Algorithm 2.4: Detect majority
Data: an R-structure: T
begin

create TU and T3
U as described above;

if BacktrackFree (TU ,T3
U ) =⊥ then

return NO;
else

return YES;
end

end

Let us show that this algorithm produces the answer YES if and only if T has a majority
polymorphism. If the answer is YES, then there is a homomorphism T3

U → TU , so T has
a majority polymorphism. Conversely, if T has a majority polymorphism then there is a
homomorphism T3

U → TU and TU has a majority polymorphism. By Theorem 2.10, SAC
algorithm is correct for TU , so the algorithm will produce answer YES.

Complexity of the algorithm The complexity of the backtrack-free algorithm run on
a pair (A,B) is O(rear+4br+4), where a is the size of the structure A, b is the size of the
template B, e is the number of all relations, and r is the maximal arity of a relation. The
size of TA is

∑d
k=1 k! = O(d!) and the maximal arity of a relation is d. Using this formula to

compute the complexity of Algorithm 2.4, we get

O(ed(d!)4d+16).

However, it easy to notice that, if τa is the maximal size of a relation in A and τb is the
maximal size of a relation in B, then AC(A,B) has time complexity O(reaτabτb). Then, the
complexity of the backtrack-free algorithm run on a pair (A,B) is O(rea4b4τaτb).

We showed that the maximal size of a relation in the template is d!. This means that
τb = d!, τa = (d!)3, and the time complexity of Algorithm 2.4 is

O(ed(d!)20).

19





Chapter 3

Optimizations

We can optimize the algorithm in two ways. First, we can use faster algorithms to compute
singleton arc consistency – such algorithms have been shown e.g. in [BE04], [BD08], [LC05]
and we will present one of them in Section 3.1. The second approach is to use the algebraic
properties of the template in order to reduce the size of the CSP instance, i.e. find an CSP
instance of smaller size which has a majority polymorphism if and only if the original one
has. Such reductions will be shown in Section 3.2.

3.1. Algorithms for SAC
Many algorithms that solve singleton arc consistency (i.e. produce the same result as the
SAC algorithm in Section 2.3) have been proposed. The original SAC(A,B) algorithm, as
presented in Section 2.3, has time complexity O(rear+3br+3) and space complexity O(ab),
where a is the size of the structure A, b is the size of the template B, e is the number of all
relations, and r is the maximal arity of a relation. The algorithm presented in [BD08] (called
SAC-Opt) is considered to be optimal with respect to time complexity1. Its time complexity
is O(r2ear+1br+1). The main drawback of this algorithm is its large space complexity –
O(erar+1b2). In this thesis we will use the SAC3 algorithm, presented in [LC05]. Its time
complexity is O(r2ear+2br+2) and space complexity – O(earb).

For the remainder of the section let us fix a signature R and R-structures A and B. Let
{x1, x2, . . . , xn} be the universe of A. Let Run and Rnonun denote the family of, respectively,
unary and nonunary relations in R. We define

Di = {a ∈ B : ∀R ∈ Run xi ∈ RA =⇒ a ∈ RB},

C = {((xi1 , xi2 , . . . , xim), R) : R ∈ Rnonun, (xi1 , xi2 , . . . , xim) ∈ RA}.

Elements of C will be called constraints. For every constraint c = ((xi1 , xi2 , . . . , xim), R) ∈ C,
denote var(c) = (xi1 , xi2 , . . . , xim). Let Bvar(c) be the set of all functions τ : var(c)→ B and

rel(c) = {τ ∈ Bvar(c) : (τ [xi1 ], . . . , τ [xim ]) ∈ RB}.

We assume a linear ordering on the elements of A. We order the elements of rel(c) in the
lexicographical order. Let succ (τ, rel(c)|xj 7→ a), for τ ∈ Bvar(c), denote the smallest element
in rel(c) that is greater than τ and whose value at xj is equal to a. We will assume that

1 The complexity of a version of SAC-Opt for binary structures (i.e. having only unary and binary relations)
is O(ea3b3) and it is the lower bound for time complexity of a SAC algorithm under some assumption about
the computational model [BD08].
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the value of succ (τ, rel(c)|xj 7→ a) is undefined if such an element does not exists and for
τ = nil, succ (τ, rel(c)|xj 7→ a) is the smallest element in rel(c) whose value at xj is equal
to a. This function, as used in the function Revise presented below, can be computed in
amortized constant time by using a simple auxiliary data structure.

In SAC3 we will use variables br and M whose values are subsets of A× B. Let dom(br)
and dom(M) denote the projection of, respectively, br and M onto the first coordinate.

Let us present the algorithm AC2001, introduced in [BRYZ05], and the algorithm SAC3
introduced in [LC05], which uses AC2001 internally. The function Revise presented below
differs slightly from the original – instead of iterating over the domain Dj1 × . . . × Djr , we
iterate over rel(c). This modification does not affect the outcome of the algorithm but allows
us to give better complexity bounds in terms of the maximal size of a relation.
Algorithm 3.1: AC2001
Data: C,D as defined above
begin

Q := {(xi, c) : c ∈ C, xi ∈ var(c)};
while Q 6= ∅ do

select and delete any (xi, c) from Q;
if Revise(xi, c) then

Q := Q ∪ {(xj , c′) : i 6= j, c 6= c′, xi, xj ∈ var(c′)};
end

end
if ∀i Di 6= ∅ then

return D
else

return ⊥
end

end

Function Revise(xi, c)
begin

DELETE := false;
forall a ∈ Di do

τ := Last[(xi, a), c];
if ∃jk τ [xjk ] /∈ Djk then

τ := succ (τ, rel(c)|xi 7→ a);
while τ 6= nil and ∃jk τ [xjk ] /∈ Djk do

τ := succ (τ, rel(c)|xi 7→ a);
end
if τ 6= nil then

Last[(xi, a), c] := τ ;
else

remove a from Di;
DELETE := true

end
end

end
return DELETE

end
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Algorithm 3.2: SAC3
Data: C,D as defined above
begin

D := AC2001(C,D);
repeat

Dbefore := D;
M := {(xi, a) : xi ∈ A ∧ a ∈ Di};
while M 6= ∅ do

buildBranch()
end

until D = Dbefore;
if ∀i Di 6= ∅ then

return D
else

return ⊥
end

end

Function buildBranch
begin

br := ∅;
Dbefore := D;
consistent := true;
repeat

pick and delete (xi, a) ∈M such that xi /∈ dom(br);
D := AC2001(C, (D1, . . . , Di−1, {a}, Di+1, . . . , Dn));
if D 6=⊥ then

add (xi, a) to br
else

consistent := false;
if br 6= ∅ then

add (xi, a) to M
end

end
until ¬consistent ∨ dom(M)− dom(br) = ∅;
D := Dbefore;
if br = ∅ then

remove a from Di;
D := AC(C,D);
M := M − {(xj , b) : b ∈ Dbefore

j ∧ b /∈ Dj};
end

end

The algorithm AC2001 is a correct algorithm for computing arc consistency [BRYZ05] and
SAC3 is a correct algorithm for computing singleton arc consistency [LC05]. The time com-
plexity of the algorithm AC2001 is O(r2earbr) and the space complexity O(earb) [BRYZ05].
The SAC3 algorithm uses AC algorithm internally and its complexity depends on complexity
of the AC algorithm used – its space complexity is the same as for the AC algorithm and
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the time complexity is β times larger, where β is the number of branches built by SAC3
[LC05]. This means that, since β = O(a2b2), the SAC3 algorithm that uses AC2001 has
O(r2ear+2br+2) time complexity and O(earb) space complexity.

However, we showed that the maximal size of a relation in the template defined in Sec-
tion 2.2 is relatively small (at most the size of the template). If τa, τb are the maximal
sizes of relations in A, B respectively, then we can observe that the time complexity of the
AC2001 algorithm is O(r2eτaτb) and the space complexity is O(eτab). This means that the
time complexity of SAC3 is O(r2ea2τab

2τb) and the space complexity is O(eτab).
Recall that we use Algorithm 2.4 to detect the existence of a majority polymorphism.

It uses the backtrack-free algorithm (Algorithm 2.3), which runs SAC O(ab) times in order
to build the polymorphism. This means that the algorithm that detects the existence of a
majority polymorphism using SAC3 has O(r2ear+3br+3) time complexity and O(earb) space
complexity. Using the maximal size of a relation, we have that the backtrack-free algorithm
has time complexity O(r2ea3τab

3τb) and space complexity O(eτab), and Algorithm 2.4 has
O(ed2(d!)16) time complexity and O(e(d!)4) space complexity, where d is the dimension of
the alphabet.

3.2. Reducing size of the problem

Another approach to reducing the complexity is to find an equivalent instance of smaller size.
We will use the algebraic properties of templates described in Chapter 1 in order to reduce
the problem to a smaller one.

For the entire section, let us fix an alphabet A and let T := TA be the template defined
in Chapter 1. Recall that Algorithm 2.4 determines whether T has a majority polymorphism
by running the backtrack-free algorithm (Algorithm 2.3) on (T3

U ,TU ). Notice the following
proposition.

Proposition 3.1. Let A and B be relational structures over the same signature. Assume that
they have the following properties:

• T has a majority polymorphism if and only if there exists a homomorphism h : A→ B,

• if T has a majority polymorphism, then B also has a majority polymorphism.

Then, the backtrack-free algorithm run on the pair (A,B) finds a solution if and only if T has
a majority polymorphism.

Proof. If T has a majority polymorphism, then so does B and there exists a homomorphism
h : A → B. So, by Theorem 2.10, the backtrack-free will find a solution. Conversely, if the
backtrack-free algorithm finds a solution, then there is a homomorphism h : A → B and T
has a majority polymorphism.

An example of such structures is the pair (T3
U ,TU ) (see Proposition 2.11 and Proposi-

tion 2.12). Our goal in this section is to find as small as possible structures A,B that meet
these requirements.

Algebraic properties of the template Recall that the universe of TA is TA = S1 t
S2 t . . . t SdimA and we say that x, y ∈ TA have the same type if x, y ∈ Si for some i. In
Chapter 1 the following properties of relations in T were stated (Fact 2.6, Fact 2.7, Fact 2.8,
and Fact 2.9):
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• All relations in T are typed (a projection onto any coordinate is a subset of Si for some
i).

• Every r-ary relation R is a coset of a group Sn1×Sn2× . . .×Snr , for some n1, n2, . . . , nr,
and n1 + n2 + . . .+ nr = dimA.

• For a relation R such that RT ⊆ Sn1 ×Sn2 × . . .×Snr and a,b ∈ Sn1 ×Sn2 × . . .×Snr ,
a = (a1, a2, . . . ar), b = (b1, b2, . . . br), there is a relation R′ such that

R′T = a ·RT · b = {(a1 · x1 · b1, a2 · x2 · b2, . . . , ar · xr · br) : (x1, x2, . . . , xr) ∈ RT}.

These are the only properties of the template that we will use to reduce the CSP instance to
a smaller problem.

Majority and structural relations Let us recall the construction of the structures T3
U

and TU from Section 2.3. TU is a structure with additional unary relations Ux for every
x ∈ T and UTU

x = {x}. We will call these additional relations majority relations, while the
original relations from structure T will be called structural relations. The structure T3

U is
obtained from the structure T3 by adding majority relations (so TU and T3

U are over the same
signature) and

U
T3

U
x = {(x, x, a), (x, a, x), (a, x, x) : a ∈ T}.

Let T denote the universe of TU . For the remainder of the chapter, it is useful to define
the following function m : T 3 → T :

m(x, y, z) =
{
y if y = z
x otherwise

It is clear that the function m preserves all majority relations and for all x, y, z we have that
m(x, y, z) ∈ {x, y, z}.

Reductions to smaller problems First, let us recall that for an alphabet of dimension
d, the size of TU is

∑d
k=1 k!, the size of T 3

U is
(∑d

k=1 k!
)3
, and the maximal arity of a relation

is d. The maximal size of a relation in TU is d! and the maximal size of a relation in T3
U is

(d!)3.
However, not all elements in T3

U are necessary.

Proposition 3.2. Let M ⊆ T3
U be a substructure of T3

U whose universe is the set of all
triples consisting of elements of the same type (i.e. {(x, y, z) ∈ T3

U : ∃i(x, y, z ∈ Si)}). Then,
there exists a homomorphism h : T3

U → TU if and only if there exists a homomorphism
h′ : M→ TU .

Proof. If h : T3
U → TU then h′ = h|M : M → TU is a homomorphism. Conversely, assume

that there is a homomorphism h′ : M→ TU . Let us define h : T3
U → TU :

h(x, y, z) =
{
h′(x, y, z) if (x, y, z) ∈M
m(x, y, z) otherwise

We will show that the function h is a homomorphism. It preserves all majority relations
because the functions h′ and m do so. We need to show that h preserves the structural
relations.
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Let R be a structural relation of arity r. Let us take any tuple

((x1, y1, z1), . . . , (xr, yr, zr)) ∈ RT3
U .

Denote
x = (x1, . . . , xr).

We will use analogous notation for other variables. Moreover let us denote

h̄(x,y, z) = (h(x1, y1, z1), . . . , h(xr, yr, zr)).

By the definition of T3
U , we have that

x,y, z ∈ RTU .

Since structural relations in TU are typed, we have that, for any i ∈ {1, . . . , r}, the elements
xi, yi, zi have the same type, so (xi, yi, zi) ∈ M and h(xi, yi, zi) = h′(xi, yi, zi). This means
that

h̄(x,y, z) = h̄′(x,y, z) ∈ RM,

so h preserves the relation R.

This proposition implies the following corollary.

Corollary 3.3. The structure T has a majority polymorphism if and only if there exists a
homomorphism M→ TU .

The size of M is equal to
d∑

k=1
(k!)3.

The maximal size of a relation in M is the same as for T3
U and is equal to (d!)3.

Since, for any (x, y, z) ∈ M, x, y, z, have the same type, we will say that the type of the
tuple (x, y, z) is the same as the type of the elements of this tuple. It is clear that all relations
in M are typed and for every relation R, RTU and RM have the same types on corresponding
coordinates. Moreover, let us show that, without loss of generality, we can assume that if
there exists a homomorphism, then it preserves the types.

Proposition 3.4. Let A be a substructure of M and h : A→ TU be a homomorphism. Then
there exists a homomorphism h′ : A → TU such that for all m ∈ A, m and h′(m) have the
same type.

Proof. Define C = {(x, y, z) ∈ A : (x, y, z) has different type than h(x, y, z)}. We define
h′ : A→ TU as follows:

h′(x, y, z) =
{
m(x, y, z) if (x, y, z) ∈ C
h(x, y, z) otherwise

Clearly h′ preserves all majority relations and for any (x, y, z) ∈ A, the tuple (x, y, z) has the
same type as h′(x, y, z) (h′ preserves types). Moreover, let us notice that no (x, y, z) ∈ C can
be a member of any tuple in any structural relation RA. This comes from the fact that h
preserves the relation R and R is typed – this means that (x, y, z) and h(x, y, z) would need
to have the same type. Therefore h′ preserves structural relations.
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The next reduction omits the elements of SdimA and SdimA−1.

Proposition 3.5. Let V ⊆ TU , M′ ⊆M be substructures such that

V = {x ∈ TU : x ∈ S1 t S2 t . . . t SdimA−2},

M′ = {(x, y, z) ∈M : x, y, z ∈ S1 t S2 t . . . t SdimA−2}.

Then, there exists a homomorphism h : M→ TU if and only if there exists a homomorphism
h′ : M′ → V.

Proof. If h : M→ TU is a homomorphism, then h|M′ is also a homomorphism. Moreover, by
Proposition 3.4, we can assume without loss of generality that h preserves types, so for all
(x, y, z) ∈M′, h(x, y, z) ∈ V. Hence h|M′ : M′ → V.

Conversely, assume that there exists h′ : M′ → V. We define h : M→ TU in the following
way:

h(x, y, z) =
{
h′(x, y, z) if (x, y, z) ∈M′
m(x, y, z) otherwise

Clearly h preserves all majority relations; let us show that it preserves all structural relations.
Let R be a structural relation. By Fact 2.7, RTU ⊆ Sn1 × Sn2 × . . .× Snr and n1 + n2 +

. . . + nr = dimA. If, for all i, ni ≤ dimA− 2, then, by the definition of M′, all members of
all tuples in RM are in M′. This means that h preserves R because h′ does so.

On the other hand, if ni ≥ dimA − 1 for some i, we have two cases. Without loss of
generality, assume n1 ≥ dimA− 1. Then, either n1 = dimA and then r = 1 and R is unary,
or n1 = dimA− 1 and then r = 2 and n2 = 1.

In the first case, when R is unary, for any tuple (x, y, z) ∈ RM, we have that x, y, z ∈ RTU

and (x, y, z) ∈ SdimA, so (x, y, z) /∈M′. This means that

h(x, y, z) = m(x, y, z) ∈ {x, y, z} ⊆ RTU

and h preserves R.
In the second case, when n1 = dimA− 1 and n2 = 1, for any ((x, y, z), (x′, y′, z′)) ∈ RM,

we have that x′, y′, z′ ∈ S1. This means that x′ = y′ = z′ = e, where e is the neutral
(and the only) element of S1. Moreover (x, e), (y, e), (z, e) ∈ RTU and (x, y, z) ∈ SdimA−1, so
(x, y, z) /∈M′. This means that

(h(x, y, z), h(e, e, e)) = (m(x, y, z), h′(e, e, e)) = (m(x, y, z), e) ∈ {(x, e), (y, e), (z, e)} ⊆ RTU .

Hence, h preserves R.
This means that all structural relations are preserved by h and h is a homomorphism.

The following corollary is a direct consequence of Proposition 3.5 and Corollary 3.3.

Corollary 3.6. T has a majority polymorphism if and only if there exists a homomorphism
M′ → V.

Notice a simple fact.

Fact 3.7. If T has a majority polymorphism, then V has a majority polymorphism.
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This fact follows Proposition 2.12. If T has a majority polymorphism, then TU also has
a majority polymorphism h : (TU )3 → T and we can assume without loss of generality that
it preserves types. Then it is easy to see that h|V3 is a majority polymorphism of V.

It is easy to notice that the size of V is equal to
d−2∑
k=1

k!

and the size of M′ is
d−2∑
k=1

(k!)3.

However, the maximal size of a relation is the same as for T3
U and TU and is equal to (d!)3

and d! for M′ and V respectively.
Let us consider the substructure M′′ ⊆ M′ whose universe is the set of all tuples from

M′ which have a neutral element of Sn on the first coordinate. We will prove the following
proposition.

Proposition 3.8. Every homomorphism h′ : M′′ → V can be extended to a homomorphism
h : M′ → V.

Proof. By Proposition 3.4, we can assume without loss of generality that, for every m ∈M′′,
m and h′(m) have the same type. We will show that the extension defined as

h(x, y, z) = x · h′(e, x−1 · y, x−1 · z),

where e is the neutral element of the group which is a type of x, y, z, is a homomorphism.
We need to show that h preserves all relations. Let (x, y, z) ∈ UM′

a . It is easy to see that
(e, x−1 · y, x−1 · z) ∈ UM′′

x−1·a, so h
′(e, x−1 · y, x−1 · z) = x−1 · a and

h(x, y, z) = x · x−1 · a = a.

Let R be an structural r-ary relation. Then, by Fact 2.8, RV = RT ⊆ Sn1×Sn2× . . .×Snr

is a coset. This means that there exists a = (a1, a2, . . . , ar) ∈ Sn1 ×Sn2 × . . .×Snr such that
RT = a ·Z, where Z is a subgroup of Sn1 × Sn2 × . . .× Snr . By Fact 2.9, Z is also a relation
in T, so there is R′ ∈ R such that R′T = Z.

Let ((x1, y1, z1), . . . , (xr, yr, zr)) ∈ RM′ be any tuple. Then,

x,y, z ∈ RT.

By the definition of R′,
a−1x,a−1y,a−1z ∈ R′T

and, since R′T is a group, we have that e ∈ R′T and

x−1 · y = (a−1x)−1 · (a−1y) ∈ R′T,

x−1 · z = (a−1x)−1 · (a−1z) ∈ R′T.
This means that

h̄′(e,x−1 · y,x−1 · z) ∈ R′T

and, since x ∈ RT,

h̄(x,y, z) = x · h̄′(e,x−1 · y,x−1 · z) ∈ RT = RV.

Hence h : M′ → V is a homomorphism.
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Corollary 3.9. T has a majority polymorphism if and only if there exists a homomorphism
M′′ → V.

Proof. If T has a majority polymorphism, then, by Corollary 3.3, there exists a homomor-
phism h : M′ → V and h|M′′ : M′′ → V is a homomorphism. Conversely, if there exists a
homomorphism h′ : M′′ → V, then by Proposition 3.8, it can be extended to a homomorphism
h : M′ → V, which, by Corollary 3.3 means that T has a majority polymorphism.

The size of M′′ is
d−2∑
k=1

(k!)2.

The maximal size of a relation is (d!)2.
Notice a simple but useful fact.

Fact 3.10. Let R be a structural relation such that RV is not a group. Then, RM′′ = ∅.

This statement comes from the fact that all elements inM′′ have a neutral element on their
first coordinate and if there is a tuple in RM′′ , then (e1, e2, . . . , er) ∈ RV, where e1, e2, . . . , er
are neutral elements. This means that RV must be a group (since, by Fact 2.8, it is a coset).

This fact implies that every function h : M′′ → V preserves all structural relations that
are not groups in a trivial way. This means that:

Corollary 3.11. If a function h : M′′ → V preserves all majority relations and all structural
relations that are groups, then h is a homomorphism.

Therefore, throughout the remainder of thesis, we remove from the signature all structural
relations that are not groups and we can assume that all structural relations are groups.

Let D be an R-structure such that the universe of D are all pairs (x, y) ∈ V2 for which
x, y have the same type, UD

a = {(a, a)} for every a that is not a neutral element of any group,
UD
e = {(e, x), (x, e) : x – an element with the same type as e}, where e is a neutral element

of some group. For every structural relation R, we have RD = RV2 .
The reason why we want to use D is to simplify the notation. Notice the following

proposition.

Proposition 3.12. M′′ is isomorphic to D.

Proof. Let us just show the isomorphism. Let h : D→M′′, h(x, y) = (e, x, y), where e is the
neutral element of the group that is the type of x and y. Let g : M′′ → D, g(e, x, y) = (x, y).
Clearly g ◦ h and h ◦ g are identity function. Also it is straightforward that h and g are
homomorphisms.

Clearly the size of D is the same as the size of M′′, which is
∑d−2
k=1(k!)2.

Corollary 3.13. T has a majority polymorphism if and only if there exists a homomorphism
D→ V.

We can reduce the size of the CSP instance even further. Let us recall the definition of a
conjugacy class.

Definition 3.14. Let G be a group and g ∈ G be any element. The conjugacy class of g is
the set

[g] = {x · g · x−1 : x ∈ G}.
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It is clear that any two conjugacy classes are either equal or distinct and each group can
be presented as a sum of distinct conjugacy classes. Moreover, if e is the neutral element,
then [e] = {e}.

For every Si and every conjugacy class [x] ⊆ Si, we choose an arbitrary representative
of this class r[x] ∈ [x]. Let Rep be the set of all such representatives. Let DO ⊆ D be a
substructure generated by all pairs in D that have a member of Rep on their first coordinate.
We will show the following proposition, which is very similar to Proposition 3.8.

Proposition 3.15. Every homomorphism h′ : DO → V can be extended to a homomorphism
h : D→ V.

Proof. We will show how to construct such an extension. For any x ∈ V we arbitrarily choose
an element gx ∈ V such that

x = g−1
x · r[x] · gx.

Without loss of generality, we can assume that if x ∈ Rep (which is equivalent to x = r[x]),
then gx = e, where e is the neutral element of the same type as x. Let us show that the
following extension of h′ : DO → V:

h(x, y) = g−1
x h′(r[x], gxyg

−1
x )gx

is a homomorphism. As previously, we need to check that it preserves all relations. Let Ux
be a majority relation where x is not a neutral element. Then UD

x = {(x, x)} and

h(x, x) = g−1
x h′(r[x], gxxg

−1
x )gx = g−1

x h′(r[x], r[x])gx.

As (r[x], r[x]) ∈ UD
r[x]

and UV
r[x]

= {r[x]}, we have h′(r[x], r[x]) = r[x] and

h(x, x) = g−1
x r[x]gx = x ∈ UV

x .

Let us show that h preserves Ue, where e is a neutral element. Since [e] = {e}, we have
that r[e] = e. Recall that we have

UD
e = {(e, a), (a, e) : a an element with the same type as e}.

Let a be an element with the same type as e. Then

h(e, a) = g−1
e h′(e, geag−1

e )ge = g−1
e ege = e.

And
h(a, e) = g−1

a h′(r[a], gaeg
−1
a )ga = g−1

a h′(r[a], e)ga = g−1
a ega = e.

This means that h preserves the relation Ue.
Let R be a n-ary structural relation. Let a = (a1, a2, . . . , an) where ai is an element of

the type of i-th coordinate of R and let Ra be a relation such that

RV
a = {a · x · a−1 : x ∈ RV}.

By Fact 2.9 such a relation exists for any a. Let ((x1, y1), . . . , (xn, yn)) ∈ RD. Then

x,y ∈ RV.

Let us denote
rx = (r[x1], . . . , r[xn]),
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gx = (gx1 , . . . , gxn).

Then, we have that
gx · x · gx

−1 = rx ∈ RV
gx ,

gx · y · gx
−1 ∈ RV

gx ,

so
h̄′(rx,gx · y · gx

−1) ∈ RV
gx .

This means that
h̄(x,y) = gx

−1h̄′(rx,gx · y · gx
−1)gx ∈ RV

and h preserves all relations, hence is a homomorphism.

Corollary 3.16. T has a majority polymorphism if and only if there exists a homomorphism
DO → V.

Recall that Fact 3.7 says that, if T has a majority polymorphism, then V has a majority
polymorphism. This fact, combined with Corollary 3.16 and Proposition 3.1, means that we
can run the backtrack-free algorithm on (DO,V) in order to check whether T has a majority
polymorphism.

We will try to approximate the size of DO. Consider the following definition:

Definition 3.17. The partition function p(n) gives the number of partitions of a nonnegative
integer n into positive integers.

It is a well-known fact that:

Fact 3.18. The number of conjugacy classes in the symmetric group Sn is equal to p(n).

The value of p(n) is significantly smaller than n! as the asymptotic formula for the par-
tition function is

p(n) ∼ 1
4n
√

3
eπ
√

2n/3,

while the factorial function has an asymptotic formula

n! ∼
√

2πn
(
n

e

)n
.

It is clear, by the definition of DO, that the size of DO is

d−2∑
k=1

p(k) · k!.

Estimating the maximal size of a relation in DO is a little bit more tricky. For any tuple of
natural numbers µ = (µ1, µ2, . . . , µk), we define

p(µ) =
k∏
i=1

p(µi).

For any natural number n, we define the maximal partition value of n as

maxp(n) = max
(
p(µ) :

∑
µ = n

)
.
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Denote Repi = Si ∩Rep. Let us notice that any relation in DO is a subset of

(Repn1 × Sn1)× . . .× (Repnr × Snr ) ,

where n1 + n2 + . . . + nr = d. Let n = (n1, n2, . . . , nr). The upper bound on the size of a
relation in DO is

|Repn1 | · |Sn1 | · . . . · |Repnr | · |Snr | = p(n1) · n1! · . . . · p(nr) · nr!.

We have that
n1! · n2! · . . . · nr! ≤ d!

and
p(n1) · p(n2) · . . . · p(nr) = p(n) ≤ maxp(d).

This means that the maximal size of a relation in DO is maxp(d) · d!. In [BO14] a closed
formula of maxp(n) for n > 8 was found:

maxp(n) =


5

n
4 if n ≡ 0 (mod 4)

7 · 5
n−5

4 if n ≡ 1 (mod 4)
11 · 5

n−6
4 if n ≡ 2 (mod 4)

77 · 5
n−11

4 if n ≡ 3 (mod 4)

This means that maxp(n) = O(5
n
4 ) and the maximal size of a relation is O(5

d
4 d!).

Table 3.1 summarized all the reduction we did.

Size comparison Let us compare sizes of the structures after each reduction. Table 3.3
and Table 3.2 show the sizes of, respectively, instances and templates after each reduction.
To give better overview of order of those values, we show example values for d = 5, 6, 7, 8, 9.

Table 3.4 shows the time and space complexity of backtrack-free algorithm (Algorithm 2.3),
run on each pair of structures. Recall, from Section 3.1, that the time complexity of the
backtrack-free algorithm run on pair of structures (A,B), that uses internally SAC3 algo-
rithm, is O(r2ea3τab

3τb), where a is the size of A, b is the size of B and r is the maximal arity
of a relation, e is the number of relations and τa, τb are the maximal sizes of relations in A,
B respectively. The space complexity is bounded by O(eτab). Recall also that the maximal
size of a relation in TU and V is d!, in T3

U , M and M′ is (d!)3, in D is (d!)2, and in DO is
maxp(d) · d! = O(5d/4d!).

The most efficient algorithm for alphabet classification that we found has time complexity
O(ed2((d− 2)!)6(p(d− 2))3(d!)25d/4) and space complexity O(e5d/4d!(d− 2)!).
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Structures Reduction
(T3

U ,TU ) —
(M,TU ) remove tuples of elements of different types
(M′,V) remove elements from SdimA and SdimA−1
(D,V) ' (M′′,V) restrict to triples of M ′ of the form (e, x, y)
(DO,V) take only representatives of conjugacy classes on the first element

Table 3.1: Reductions

Structure Size d = 5 d = 6 d = 7 d = 8 d = 9
TU

∑d
k k! 153 873 5, 913 46, 233 409, 113

V
∑d−2
k k! 9 33 153 873 5, 913

Table 3.2: Sizes of templates

Structure Size d = 5 d = 6 d = 7 d = 8 d = 9
T3
U (

∑d
k k!)3 3.6× 106 6.7× 108 2.1× 1011 9.9× 1013 6.8× 1016

M
∑d
k(k!)3 1.7× 106 3.7× 108 1.3× 1011 6.6× 1013 4.7× 1016

M′
∑d−2
k (k!)3 225 14, 049 1.7× 106 3.7× 108 1.3× 1011

D
∑d−2
k (k!)2 41 617 15, 017 533, 417 2.6× 107

DO
∑d−2
k p(k) · k! 23 143 983 8, 903 84, 503

Table 3.3: Sizes of instances

Structures Time complexity Space complexity
(T3

U ,TU ) O(ed2(d!)16) O(e(d!)4)
(M,TU ) O(ed2(d!)16) O(e(d!)4)
(M′,V) O(ed2((d− 2)!)12(d!)4) O(e(d!)3(d− 2)!)
(D,V) O(ed2((d− 2)!)9(d!)3) O(e(d!)2(d− 2)!)
(DO,V) O(ed2((d− 2)!)6(p(d− 2))3(d!)25d/4) O(e5d/4d!(d− 2)!)

Table 3.4: Complexity
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Chapter 4

Conclusion

4.1. Technical issues
Implementation The algorithm for alphabet classification was implemented as a proof
of concept but also as a research tool for testing hypotheses or finding nontrivial examples
of nonstandard alphabets. It was implemented in Haskell mostly because of algebraic data
types and pattern matching. Algebraic data types are, as we think, the most natural way of
representing abstract mathematical objects, such as relational structures. Moreover, opera-
tions on those structure, such as building them and performing the reductions described in
Chapter 3, are much nicer with higher order function (e.g. map or filter), which can be used
natively in Haskell.

We implemented a small generic CSP library that provides some useful functions that
operate on relational structures. We also implemented Arc Consistency and Singleton Arc
Consistency algorithms — SAC3 and AC2001 — and the algorithm for detecting the existence
of a majority polymorphism.

Results We classified all alphabets up to dimension 8. This was achieved as follows. First,
we classified all single-orbit alphabets. According to Lemma 1.1, single-orbit alphabets of
dimension d correspond to permutation groups on d elements. Permutation groups on d
elements (up to isomorphism) correspond to subgroups of the symmetric group Sd (up to
conjugacy). Using GAP (a system for computational discrete algebra), we generated all
subgroups of S8 (up to conjugacy). There are 296 such subgroups (see http://groupprops.
subwiki.org/wiki/Subgroup_structure_of_symmetric_group:S8). This means that, up
to isomorphism, there are 296 single-orbit alphabets of dimension 8. For each of those
alphabets we determined whether it is standard or not, by first computing the corresponding
pair (DO,V), and then running the backtrack-free algorithm (Algorithm 2.3) on this pair.
Out of the 296 single-orbit alphabets, 163 turned out to be standard, and the remaining 133
non-standard. This gives a classification of all single-orbit alphabets of dimension 8 (listed
in Appendix A).

To classify all (not necessarily single-orbit) alphabets of dimension 8, we considered the
alphabet which is the union of all 163 standard alphabets of dimension 8, and tested whether
the resulting alphabet is standard. The result turned out to be positive. This gives us the
following theorem.
Theorem 4.1. An alphabet of dimension up to 8 is standard if and only if each of its orbits
is standard.

The analogous problem for higher-dimension alphabets remains open.
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d Number of alphabets Average time Maximal time
5 19 38 ms 375 ms
6 56 1.18 s 11.5 s
7 96 3.6 min 224.3 min

Table 4.1: Running times

Efficiency The complexity of the improved algorithm, even though significantly smaller
than the one in [KLOT14], is still large — O(ed2((d − 2)!)6(p(d − 2))3(d!)25d/4), where d is
the dimension of an alphabet and e is the number of relations in the template. Table 4.1
shows the time needed to classify all single-orbit alphabets of a given dimension on a regular
one-core personal computer. Classifying all alphabets of dimension 8 is out of reach on a
personal computer — this took about a week on a multi-core high-end machine.

The running time of the algorithm varies among alphabets of the same dimension. It might
be partially due to the structure of the algorithm and the use of SAC3 algorithm. When
an alphabet is nonstandard, the inconsistency can be found on any stage of the program
execution. On the other hand, when an alphabet is standard, SAC3 may, at any time,
accidentally “guess” a homomorphism. Also the time complexity of SAC3 varies among
different pairs of structures.

4.2. Summary
We showed and implemented an improved version of the algorithm from [KLOT14] which
determines whether a given alphabet with atoms is standard. The improvement is significant
and was achieved by using algebraic properties of a template, defined in [KLOT14], to reduce
the size of the problem, as well as by using modern algorithm from the theory of CSP — SAC3
and AC2001. We implemented the algorithm in Haskell, mainly as a proof of concept, but
it can also serve as a research tool in finding examples of interesting nonstandard alphabets
and testing hypotheses.
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Appendix A

Classification of alphabets of
dimension 8

In this appendix we present the classification of all single-orbit alphabets (up to isomorphism)
of dimension 8. This result was obtained as described in Section 4.1. Alphabets are repre-
sented as subgroups of S8, as described in Lemma 1.1. A subgroup G ⊆ S8 corresponds to
an alphabet AG defined, as follows [BKL14]: AG = A8/G, where G acts on tuples of A8 by
permuting its coordinates (i.e. for any π ∈ G, τ ∈ A8, and i ∈ {1, 2, . . . , 8}, (π ·τ)[i] = τ [π(i)],
where τ [i] is the i-th coordinate of τ).

Let 〈π1, π2, . . . , πk〉 denote the group generated by permutations π1, π2, . . . , πk. We present
below all single-orbit alphabets (up to isomorphism) of dimension 8.

Standard alphabets
1. 〈()〉
2. 〈(7 8)〉
3. 〈(6 7 8)〉
4. 〈(5 6)(7 8)〉
5. 〈(5 6)(7 8), (5 7)(6 8)〉
6. 〈(5 6)(7 8), (5 7 6 8)〉
7. 〈(7 8), (5 6)〉
8. 〈(5 6)(7 8), (3 4)(5 7 6 8)〉
9. 〈(3 4)(5 6)(7 8)〉

10. 〈(7 8), (3 4)(5 6)〉
11. 〈(6 7 8), (7 8)〉
12. 〈(4 5 6 7 8)〉
13. 〈(7 8), (4 5 6)〉
14. 〈(6 7 8), (4 5)(7 8)〉
15. 〈(3 4 5)(6 7 8)〉
16. 〈(3 4 5)(6 7 8), (3 6)(4 8)(5 7)〉
17. 〈(6 7 8), (2 3)(4 5)〉
18. 〈(6 7 8), (2 3)(4 5)(7 8)〉
19. 〈(3 4)(5 6)(7 8), (3 5 7)(4 6 8)〉
20. 〈(5 6)(7 8), (1 2)(3 4)(5 7 6 8)〉
21. 〈(5 6)(7 8), (1 2)(3 4)〉
22. 〈(3 4 5)(6 7 8), (4 5)(7 8)〉
23. 〈(2 3 4 5 6 7 8)〉
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24. 〈(3 4 5)(6 7 8), (1 2)(4 5)(7 8)〉
25. 〈(7 8), (1 2)(3 4)(5 6)〉
26. 〈(3 4 5)(6 7 8), (1 2)(3 6)(4 8)(5 7)〉
27. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8)〉
28. 〈(7 8), (5 6), (5 7)(6 8)〉
29. 〈(1 2)(3 4)(5 6)(7 8)〉
30. 〈(7 8), (1 2 3)(4 5 6)〉
31. 〈(7 8), (5 6), (3 4)〉
32. 〈(7 8), (3 4)(5 6), (3 5)(4 6)〉
33. 〈(1 2)(3 4)(5 6)(7 8), (1 3 2 4)(5 7 6 8)〉
34. 〈(3 4 5)(6 7 8), (1 2)(3 6)(4 7)(5 8)〉
35. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8)〉
36. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4)〉
37. 〈(5 6)(7 8), (1 2)(3 4), (1 3 2 4)(5 7 6 8)〉
38. 〈(7 8), (5 6), (1 2)(3 4)〉
39. 〈(1 2)(3 4)(5 6)(7 8), (1 3 2 4)(5 7 6 8), (1 5 2 6)(3 8 4 7)〉
40. 〈(5 6)(7 8), (5 7 6 8), (1 2)(3 4)〉
41. 〈(7 8), (3 4)(5 6), (3 5 4 6)〉
42. 〈(6 7 8), (3 4 5)〉
43. 〈(4 5 6 7 8), (5 8)(6 7)〉
44. 〈(7 8), (2 3 4 5 6)〉
45. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8)〉
46. 〈(4 5 6 7 8), (2 3)(5 8)(6 7)〉
47. 〈(7 8), (4 5 6), (5 6)〉
48. 〈(6 7 8), (2 3)(4 5), (2 4)(3 5)〉
49. 〈(7 8), (3 4)(5 6), (1 2)(3 5 4 6)〉
50. 〈(5 6)(7 8), (5 7)(6 8), (2 3 4)(6 7 8)〉
51. 〈(6 7 8), (2 3)(4 5), (2 4 3 5)(7 8)〉
52. 〈(6 7 8), (2 3)(4 5), (2 4 3 5)〉
53. 〈(6 7 8), (7 8), (2 3)(4 5)〉
54. 〈(7 8), (5 6), (2 3 4)〉
55. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8), (1 5 2 6)(3 7 4 8)〉
56. 〈(7 8), (4 5 6), (2 3)(5 6)〉
57. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 8)(4 7)〉
58. 〈(2 3 4 5 6 7 8), (3 8)(4 7)(5 6)〉
59. 〈(5 6)(7 8), (1 2)(3 4), (1 5)(2 6)(3 7)(4 8)〉
60. 〈(7 8), (1 2 3)(4 5 6), (1 4)(2 6)(3 5)〉
61. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8), (2 3 4)(6 7 8)〉
62. 〈(7 8), (1 2)(3 4)(5 6), (1 3 5)(2 4 6)〉
63. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4)〉
64. 〈(7 8), (5 6), (3 4), (1 2)〉
65. 〈(1 2)(3 4)(5 6)(7 8), (1 3 2 4)(5 7 6 8), (1 5 3 7 2 6 4 8)〉
66. 〈(7 8), (1 2 3)(4 5 6), (2 3)(5 6)〉
67. 〈(7 8), (5 6), (1 2)(3 4), (1 3)(2 4)〉
68. 〈(5 6)(7 8), (5 7 6 8), (1 2)(3 4), (1 3 2 4)〉
69. 〈(6 7 8), (1 2 3 4 5)〉
70. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3 2 4)〉
71. 〈(5 6)(7 8), (1 2)(3 4), (1 3 2 4)(5 7 6 8), (1 5 3 7 2 6 4 8)〉
72. 〈(5 6), (7 8), (5 7)(6 8), (3 4)〉
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73. 〈(7 8), (5 6), (1 2)(3 4), (1 3 2 4)〉
74. 〈(6 7 8), (3 4 5), (4 5)(7 8)〉
75. 〈(6 7 8), (3 4 5), (3 6)(4 7)(5 8)〉
76. 〈(6 7 8), (7 8), (3 4 5)〉
77. 〈(5 6), (7 8), (5 7)(6 8), (1 2)(3 4)〉
78. 〈(4 5 6 7 8), (5 8)(6 7), (5 6 8 7)〉
79. 〈(4 5 6 7 8), (5 8)(6 7), (2 3)(5 6 8 7)〉
80. 〈(5 6)(7 8), (1 2)(3 4), (1 3 2 4)(5 7 6 8), (1 5)(2 6)(3 7)(4 8)〉
81. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (7 8)〉
82. 〈(7 8), (2 3 4 5 6), (3 6)(4 5)〉
83. 〈(2 3 4 5 6 7 8), (3 4 6)(5 8 7)〉
84. 〈(6 7 8), (7 8), (2 3)(4 5), (2 4)(3 5)〉
85. 〈(7 8), (5 6), (3 4), (3 5 7)(4 6 8)〉
86. 〈(7 8), (3 4)(5 6), (3 5)(4 6), (4 5 6)〉
87. 〈(7 8), (4 5 6), (1 2 3)〉
88. 〈(7 8), (5 6), (2 3 4), (3 4)〉
89. 〈(5 6), (7 8), (5 7)(6 8), (2 3 4)〉
90. 〈(6 7 8), (7 8), (2 3)(4 5), (2 4 3 5)〉
91. 〈(6 7 8), (4 5)(7 8), (1 2 3)〉
92. 〈(6 7 8), (3 4 5), (1 2)(3 6)(4 7)(5 8)〉
93. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (1 2)(3 4)〉
94. 〈(6 7 8), (3 4 5), (1 2)(4 5)(7 8)〉
95. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8), (2 3 4)(6 7 8), (1 5)(2 6)(3 8)(4 7)〉
96. 〈(6 7 8), (1 2 3 4 5), (2 5)(3 4)(7 8)〉
97. 〈(6 7 8), (1 2 3 4 5), (2 5)(3 4)〉
98. 〈(5 6), (7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4)〉
99. 〈(1 2)(3 4)(5 6)(7 8), (1 3 2 4)(5 7 6 8), (1 5 2 6)(3 8 4 7), (3 5 7)(4 6 8)〉

100. 〈(6 7 8), (7 8), (1 2 3 4 5)〉
101. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8), (2 3 4)(6 7 8), (3 4)(7 8)〉
102. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8), (2 3 4)(6 7 8), (1 5)(2 6)(3 7)(4 8)〉
103. 〈(6 7 8), (2 3)(4 5), (2 4)(3 5), (3 4 5)〉
104. 〈(6 7 8), (3 4 5), (4 5)(7 8), (3 6)(4 7 5 8)〉
105. 〈(6 7 8), (7 8), (3 4 5), (4 5)〉
106. 〈(5 6), (7 8), (5 7)(6 8), (3 4), (1 2)〉
107. 〈(5 6), (7 8), (5 7)(6 8), (1 2)(3 4), (1 3 2 4)〉
108. 〈(5 6)(7 8), (5 7 6 8), (1 2)(3 4), (1 3 2 4), (1 5)(2 6)(3 7)(4 8)〉
109. 〈(7 8), (4 5 6), (1 2 3), (2 3)(5 6)〉
110. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4), (1 5)(2 6)(3 7)(4 8)〉
111. 〈(2 3 4 5 6 7 8), (3 4 6)(5 8 7), (3 8)(4 7)(5 6)〉
112. 〈(7 8), (2 3 4 5 6), (3 6)(4 5), (3 4 6 5)〉
113. 〈(6 7 8), (7 8), (3 4 5), (1 2)(4 5)〉
114. 〈(6 7 8), (3 4 5), (4 5)(7 8), (1 2)(3 6)(4 7 5 8)〉
115. 〈(7 8), (4 5 6), (5 6), (1 2 3)〉
116. 〈(7 8), (4 5 6), (1 2 3), (1 4)(2 5)(3 6)〉
117. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4), (2 3 4)(6 7 8)〉
118. 〈(7 8), (5 6), (1 2)(3 4), (1 3)(2 4), (2 3 4)〉
119. 〈(7 8), (3 4)(5 6), (3 5)(4 6), (4 5 6), (5 6)〉
120. 〈(3 4), (7 8), (5 6), (3 5 7)(4 6 8), (5 7)(6 8)〉
121. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (1 2)(3 4), (1 3 2 4)〉
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122. 〈(5 6), (7 8), (5 7)(6 8), (2 3 4), (3 4)〉
123. 〈(1 2 3 4 5), (3 4 5)〉
124. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (1 2)(3 4), (1 3)(2 4)〉
125. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (7 8), (1 2)(3 4)〉
126. 〈(6 7 8), (1 2 3 4 5), (2 5)(3 4), (2 3 5 4)〉
127. 〈(6 7 8), (7 8), (1 2 3 4 5), (2 5)(3 4)〉
128. 〈(6 7 8), (1 2 3 4 5), (2 5)(3 4), (2 3 5 4)(7 8)〉
129. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8), (2 3 5 4 7 8 6)〉
130. 〈(6 7 8), (2 3)(4 5), (2 4)(3 5), (3 4 5), (4 5)〉
131. 〈(3 4), (7 8), (5 6), (3 5 7)(4 6 8), (1 2)〉
132. 〈(5 6), (7 8), (5 7)(6 8), (3 4), (1 2), (1 3)(2 4)〉
133. 〈(6 7 8), (7 8), (2 3)(4 5), (2 4)(3 5), (3 4 5)〉
134. 〈(7 8), (4 5 6), (5 6), (1 2 3), (2 3)〉
135. 〈(1 2 3 4 5), (3 4 5), (4 5)〉
136. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (7 8), (1 2)(3 4), (1 3)(2 4)〉
137. 〈(5 6), (7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4), (2 3 4)〉
138. 〈(7 8), (4 5 6), (1 2 3), (2 3)(5 6), (1 4)(2 5 3 6)〉
139. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (7 8), (1 2)(3 4), (1 3 2 4)〉
140. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4), (2 3 4)(6 7 8), (1 5)(2 6)(3 8)(4 7)〉
141. 〈(1 2 3 4 5), (3 4 5), (7 8)〉
142. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4), (2 3 4)(6 7 8), (1 5)(2 6)(3 7)(4 8)〉
143. 〈(6 7 8), (7 8), (1 2 3 4 5), (2 5)(3 4), (2 3 5 4)〉
144. 〈(6 7 8), (7 8), (2 3)(4 5), (2 4)(3 5), (3 4 5), (4 5)〉
145. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (1 2)(3 4), (1 3)(2 4), (2 3 4)〉
146. 〈(7 8), (5 6), (1 2)(3 4), (1 3)(2 4), (2 3 4), (3 4)〉
147. 〈(1 2 3 4 5 6 8), (1 2 4)(3 6 5), (1 6)(2 3)(4 5)(7 8)〉
148. 〈(1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8), (1 4)(2 3)(5 8)(6 7), (2 3 5 4 7 8 6), (3 5 7)(4 6 8)〉
149. 〈(1 2 3 4 5), (3 4 5), (6 7 8)〉
150. 〈(1 2 3 4 5), (4 5 6), (5 6)〉
151. 〈(5 6), (7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4), (2 3 4), (3 4)〉
152. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (7 8), (1 2)(3 4), (1 3)(2 4), (2 3 4)〉
153. 〈(5 6)(7 8), (5 7)(6 8), (5 7 6), (1 2)(3 4), (1 3)(2 4), (2 3 4), (1 5)(2 6)(3 7)(4 8)〉
154. 〈(1 2 3 4 5), (3 4 5), (6 7 8), (7 8)〉
155. 〈(3 4), (7 8), (5 6), (3 5 7)(4 6 8), (5 7)(6 8), (1 2)〉
156. 〈(1 2 3 4 5), (3 4 5), (7 8), (4 5)〉
157. 〈(7 8), (5 6), (3 4), (1 2), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8), (3 5 7)(4 6 8), (5 7)(6 8)〉
158. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (7 8), (1 2)(3 4), (1 3)(2 4), (2 3 4), (3 4)〉
159. 〈(1 2 3 4 5), (3 4 5), (6 7 8), (4 5)〉
160. 〈(1 7 6 5 4 2 3), (2 3 4), (6 7)〉
161. 〈(1 2 3 4 5), (3 4 5), (6 7 8), (7 8), (4 5)〉
162. 〈(1 2 3 4 5), (4 5 6), (7 8), (5 6)〉
163. 〈(1 2 3 4 5 6 7 8), (1 2)〉

Nonstandard alphabets
1. 〈(5 6)(7 8), (3 4)(7 8)〉
2. 〈(5 6)(7 8), (3 4)(5 7)(6 8)〉
3. 〈(3 4)(5 6)(7 8), (1 2)(5 7)(6 8)〉
4. 〈(5 6)(7 8), (1 2)(3 4)(5 7)(6 8)〉
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5. 〈(5 6)(7 8), (1 2)(3 4)(7 8)〉
6. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8)〉
7. 〈(5 6)(7 8), (1 2)(3 4), (1 3)(2 4)(5 7)(6 8)〉
8. 〈(5 6)(7 8), (3 4)(5 7 6 8), (1 2)(5 7 6 8)〉
9. 〈(7 8), (3 4)(5 6), (1 2)(5 6)〉

10. 〈(5 6)(7 8), (3 4)(5 7)(6 8), (1 2)(5 7)(6 8)〉
11. 〈(5 6)(7 8), (5 7)(6 8), (3 4)(7 8)〉
12. 〈(7 8), (5 6), (1 2)(3 4)(5 7)(6 8)〉
13. 〈(5 6)(7 8), (5 7 6 8), (1 2)(3 4)(7 8)〉
14. 〈(7 8), (5 6), (3 4)(5 7)(6 8)〉
15. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4)(7 8)〉
16. 〈(5 6)(7 8), (1 2)(3 4), (1 3)(2 4)(5 7 6 8)〉
17. 〈(5 6)(7 8), (5 7 6 8), (3 4)(7 8)〉
18. 〈(3 4)(5 6)(7 8), (1 2)(5 7)(6 8), (1 3)(2 4)(6 7)〉
19. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(5 7)(6 8)〉
20. 〈(5 6)(7 8), (3 4)(7 8), (3 5 7)(4 6 8)〉
21. 〈(6 7 8), (2 3)(4 5), (2 4)(3 5)(7 8)〉
22. 〈(6 7 8), (4 5)(7 8), (2 3)(7 8)〉
23. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(5 7 6 8)〉
24. 〈(7 8), (3 4)(5 6), (1 2)(3 5)(4 6)〉
25. 〈(5 6)(7 8), (3 4)(5 7)(6 8), (1 2)(5 7 6 8)〉
26. 〈(3 4)(5 6)(7 8), (3 5 7)(4 6 8), (5 7)(6 8)〉
27. 〈(5 6)(7 8), (1 2)(3 4)(7 8), (1 3)(2 4)(5 7)(6 8)〉
28. 〈(3 4 5)(6 7 8), (4 5)(7 8), (1 2)(3 6)(4 7)(5 8)〉
29. 〈(3 4)(5 6)(7 8), (3 5 7)(4 6 8), (1 2)(5 7)(6 8)〉
30. 〈(3 5 4)(6 8 7), (3 6)(4 8)(5 7), (1 2)(4 5)(7 8)〉
31. 〈(5 6)(7 8), (3 4)(5 7)(6 8), (1 2)(5 7)(6 8), (1 3)(2 4)(7 8)〉
32. 〈(5 6)(7 8), (5 7 6 8), (3 4)(7 8), (1 2)(7 8)〉
33. 〈(5 6)(7 8), (3 4)(5 7 6 8), (1 2)(5 7 6 8), (1 3)(2 4)(5 7)(6 8)〉
34. 〈(7 8), (5 6), (1 2)(3 4), (1 3 2 4)(5 7)(6 8)〉
35. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(5 7)(6 8)〉
36. 〈(5 6)(7 8), (5 7 6 8), (1 2)(3 4), (1 3)(2 4)(7 8)〉
37. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(5 7 6 8)〉
38. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4)(7 8)〉
39. 〈(5 6)(7 8), (5 7)(6 8), (3 4)(7 8), (1 2)(7 8)〉
40. 〈(5 6)(7 8), (5 7 6 8), (1 2)(3 4), (1 3 2 4)(7 8)〉
41. 〈(7 8), (5 6), (3 4)(5 7)(6 8), (1 2)(5 7)(6 8)〉
42. 〈(5 6)(7 8), (1 2)(3 4), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8)〉
43. 〈(7 8), (5 6), (3 4), (1 2)(5 7)(6 8)〉
44. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3 2 4)(7 8)〉
45. 〈(5 6)(7 8), (3 4)(5 7)(6 8), (1 2)(5 7)(6 8), (1 3)(2 4)(5 7 6 8)〉
46. 〈(7 8), (5 6), (1 2)(3 4), (1 3)(2 4)(5 7)(6 8)〉
47. 〈(3 4)(7 8), (3 4)(5 6), (3 5 7)(4 6 8), (5 7 6 8)〉
48. 〈(7 8), (3 4)(5 6), (3 5)(4 6), (1 2)(5 6)〉
49. 〈(5 6)(7 8), (1 2)(3 4), (1 3)(2 4)(5 7)(6 8), (1 5 3 7)(2 6 4 8)〉
50. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (3 4)(7 8)〉
51. 〈(7 8), (3 4)(5 6), (3 5 4 6), (1 2)(5 6)〉
52. 〈(3 4)(5 6)(7 8), (1 2)(5 7)(6 8), (1 3)(2 4)(6 7), (1 5 2 8)(3 6 4 7)〉
53. 〈(3 4)(7 8), (3 4)(5 6), (3 5 7)(4 6 8), (5 7)(6 8)〉
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54. 〈(3 4)(5 6)(7 8), (1 2)(5 7)(6 8), (1 3)(2 4)(6 7), (1 5)(2 8)(3 6)(4 7)〉
55. 〈(7 8), (5 6), (2 3 4), (3 4)(5 7)(6 8)〉
56. 〈(6 7 8), (4 5)(7 8), (2 3)(7 8), (2 4)(3 5)(7 8)〉
57. 〈(6 7 8), (4 5)(7 8), (2 3)(7 8), (2 4)(3 5)〉
58. 〈(5 6)(7 8), (5 7)(6 8), (2 3 4)(6 7 8), (3 4)(7 8)〉
59. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (1 2)(3 4)(7 8)〉
60. 〈(3 4)(7 8), (3 4)(5 6), (3 5 7)(4 6 8), (1 2)(5 7)(6 8)〉
61. 〈(7 8), (3 4)(5 6), (1 2)(5 6), (1 3 5)(2 4 6)〉
62. 〈(3 4)(7 8), (3 4)(5 6), (3 5 7)(4 6 8), (1 2)(5 7 6 8)〉
63. 〈(3 4)(7 8), (3 4)(5 6), (3 5 7)(4 6 8), (1 2)(7 8)〉
64. 〈(7 8), (1 2)(3 4)(5 6), (1 3 5)(2 4 6), (3 5)(4 6)〉
65. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8)〉
66. 〈(5 6)(7 8), (5 7)(6 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)〉
67. 〈(5 6)(7 8), (5 7 6 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(7 8)〉
68. 〈(7 8), (5 6), (3 4), (1 2), (1 3)(2 4)(5 7)(6 8)〉
69. 〈(7 8), (5 6), (3 4)(5 7)(6 8), (1 2)(5 7)(6 8), (1 3)(2 4)〉
70. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7 4 8)〉
71. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(5 7)(6 8), (1 5 3 7 2 6 4 8)〉
72. 〈(7 8), (5 6), (3 4)(5 7)(6 8), (1 2)(5 7)(6 8), (1 3)(2 4)(5 7)(6 8)〉
73. 〈(6 7 8), (3 4 5), (4 5)(7 8), (3 6)(4 7)(5 8)〉
74. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(5 7)(6 8), (1 5 3 7)(2 6 4 8)〉
75. 〈(6 7 8), (3 4 5), (4 5)(7 8), (1 2)(3 6)(4 7)(5 8)〉
76. 〈(5 6)(7 8), (5 7)(6 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(7 8)〉
77. 〈(3 4 5), (6 7 8), (3 6)(4 7)(5 8), (1 2)(4 5)(7 8)〉
78. 〈(6 7 8), (4 5)(7 8), (1 2 3), (2 3)(7 8)〉
79. 〈(5 6)(7 8), (1 2)(5 8 6 7), (3 4)(5 8 6 7), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8)〉
80. 〈(5 6)(7 8), (1 2)(5 8)(6 7), (3 4)(5 8)(6 7), (1 3)(2 4)(7 8), (1 5)(2 6)(3 7)(4 8)〉
81. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (1 2)(3 4), (1 3)(2 4)(7 8)〉
82. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (1 2)(3 4), (1 3 2 4)(7 8)〉
83. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (3 4)(7 8), (1 2)(7 8)〉
84. 〈(3 4)(7 8), (3 4)(5 6), (3 5 7)(4 6 8), (5 7 6 8), (1 2)(7 8)〉
85. 〈(1 2 3 4 6), (1 4)(5 6)〉
86. 〈(3 4)(7 8), (3 4)(5 6), (3 5 7)(4 6 8), (5 7)(6 8), (1 2)(7 8)〉
87. 〈(3 4), (7 8), (5 6), (3 5 7)(4 6 8), (1 2)(5 7)(6 8)〉
88. 〈(7 8), (3 4)(5 6), (3 5)(4 6), (4 5 6), (1 2)(5 6)〉
89. 〈(7 8), (1 2)(5 6), (1 2)(3 4), (1 3 5)(2 4 6), (3 5 4 6)〉
90. 〈(7 8), (1 2)(5 6), (1 2)(3 4), (1 3 5)(2 4 6), (3 5)(4 6)〉
91. 〈(1 2)(3 4)(5 6)(7 8), (1 7 2 8)(3 5 4 6), (1 3 2 4)(5 7 6 8), (3 5 7)(4 6 8), (3 4)(5 8)(6 7)〉
92. 〈(1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8), (2 3 4)(6 7 8), (3 4)(7 8), (1 5)(2 6)(3 7)(4 8)〉
93. 〈(6 7 8), (7 8), (3 4 5), (4 5), (3 6)(4 7)(5 8)〉
94. 〈(6 7 8), (2 3)(4 5), (2 4)(3 5), (3 4 5), (4 5)(7 8)〉
95. 〈(6 7 8), (7 8), (3 4 5), (4 5), (1 2)(3 6)(4 7)(5 8)〉
96. 〈(7 8), (5 6), (3 4), (1 2), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8)〉
97. 〈(5 6)(7 8), (5 8 6 7), (1 2)(5 6), (3 4)(5 6), (1 3)(2 4)(5 6), (1 5)(2 6)(3 7)(4 8)〉
98. 〈(6 7 8), (4 5)(7 8), (1 2 3), (2 3)(7 8), (1 6)(2 7 3 8)〉
99. 〈(6 7 8), (4 5)(7 8), (1 2 3), (2 3)(7 8), (1 6)(2 7)(3 8)〉

100. 〈(7 8), (4 5 6), (1 2 3), (2 3)(5 6), (1 4)(2 5)(3 6)〉
101. 〈(7 8), (5 6), (3 4), (1 2), (1 3)(2 4)(5 7)(6 8), (1 5 3 7)(2 6 4 8)〉
102. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(5 6), (3 4)(5 6), (1 3)(2 4), (1 5)(2 6)(3 7)(4 8)〉
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103. 〈(5 6)(7 8), (5 8 6 7), (1 2)(5 6), (3 4)(5 6), (1 3)(2 4)(5 6), (1 5)(2 6)(3 7 4 8)〉
104. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(5 6), (3 4)(5 6), (1 3)(2 4), (1 5)(2 6)(3 7 4 8)〉
105. 〈(7 8), (5 6), (1 2)(3 4), (1 3)(2 4), (2 3 4), (3 4)(5 7)(6 8)〉
106. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)〉
107. 〈(5 6)(7 8), (5 7)(6 8), (6 7 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(7 8)〉
108. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4), (2 3 4)(6 7 8), (3 4)(7 8)〉
109. 〈(1 2 3 4 6), (1 4)(5 6), (3 4 6 5)〉
110. 〈(1 2 3 4 5), (3 4 5), (4 5)(7 8)〉
111. 〈(1 2 3 4 6), (1 4)(5 6), (7 8)〉
112. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8), (3 5 7)(4 6 8)〉
113. 〈(1 2 3 4 5 6 7), (1 2)(3 6)〉
114. 〈(1 2 3 4 6), (1 4)(5 6), (3 4 6 5)(7 8)〉
115. 〈(7 8), (4 5 6), (5 6), (1 2 3), (2 3), (1 4)(2 5)(3 6)〉
116. 〈(1 2 3 4 6), (1 4)(5 6), (7 8), (3 4 6 5)〉
117. 〈(7 8), (5 6), (5 7)(6 8), (1 2), (3 4), (1 3)(2 4), (1 5)(2 6)(3 7)(4 8)〉
118. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8), (1 4)(2 3)(5 8)(6 7), (1 6)(2 5)(3 8)(4 7), (3 5 8)(4 6 7), (5 7)(6 8)〉
119. 〈(1 2 3 4 5), (4 5 6)〉
120. 〈(5 6)(7 8), (5 7)(6 8), (5 7 6), (1 2)(3 4), (1 3)(2 4), (2 3 4), (3 4)(7 8)〉
121. 〈(5 6)(7 8), (3 4)(7 8), (1 2)(7 8), (1 4)(2 3)(5 8)(6 7), (1 6)(2 5)(3 8)(4 7), (3 5 8)(4 6 7), (5 7 6 8)〉
122. 〈(7 8), (5 6), (3 4), (1 2), (1 3)(2 4)(5 7)(6 8), (1 5)(2 6)(3 7)(4 8), (3 5 7)(4 6 8)〉
123. 〈(5 6)(7 8), (5 7)(6 8), (1 2)(3 4), (1 3)(2 4), (2 3 4)(6 7 8), (3 4)(7 8), (1 5)(2 6)(3 7)(4 8)〉
124. 〈(1 2 3 4 5), (3 4 5), (6 7 8), (4 5)(7 8)〉
125. 〈(1 7 6 3 2 5 4), (1 7 3)(2 6 5), (1 5)(2 3)(4 8)(6 7), (3 4)(5 7)(6 8)〉
126. 〈(1 2 3 4 5), (4 5 6), (7 8)〉
127. 〈(1 2 3 4 5), (4 5 6), (5 6)(7 8)〉
128. 〈(5 6)(7 8), (5 7)(6 8), (5 7 6), (1 2)(3 4), (1 3)(2 4), (2 3 4), (3 4)(7 8), (1 5)(2 6)(3 7 4 8)〉
129. 〈(1 2 3 4 5 6 7), (5 6 7)〉
130. 〈(5 6)(7 8), (5 7)(6 8), (5 7 6), (1 2)(3 4), (1 3)(2 4), (2 3 4), (3 4)(7 8), (1 5)(2 6)(3 7)(4 8)〉
131. 〈(1 8)(2 3)(4 5)(6 7), (1 3)(2 8)(4 6)(5 7), (1 5)(2 6)(3 7)(4 8), (1 2 6 3 4 5 7), (1 2 3)(4 6 5), (1 2)(5 6)〉
132. 〈(5 6)(7 8), (5 7)(6 8), (5 7 6), (5 6), (1 2)(3 4), (1 3)(2 4), (2 3 4), (3 4), (1 5)(2 6)(3 7)(4 8)〉
133. 〈(1 2 3 4 5 6 7), (6 7 8)〉
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